Exercises for the lecture course Algebraic Topology I —
Sheet 12

University of Bonn, winter term 24/25

Aufgabe 41. Decide which of the following spaces are Eilenberg-MacLane spaces of type
(G,n). If the answer is yes, specify the values for G and n:

(a) S for d € Z=° 11 {oo};
(b) RP? for d € Z=° 11 {c0};
(c) CP? for d € Z=° 11 {o0};
(d) Stv st

(e) T for d € Z=".

(f) A simply connected 4-manifold.

Aufgabe 42. Let X be an Eilenberg-Mac-Lane space of type (G,n) for n > 2. Prove or
disprove that there is a C'W-approximation K (G, (n — 1)) — Q(X, z) for every z € X.

Aufgabe 43. (a) Find simply connected pointed spaces X and Y such that the inclu-
sion X VY — X X Y is not a weak homotopy equivalence;

(b) Let E and F be spectra. Show that we get well-defined spectra EV F and E x F
satisfying (EVF),, = E(n)V F(n) and (E x F),, = E(n) x F(n) for n € Z, and that
there is an obvious map of spectrai: EVF — E x F.

Prove or disprove that i is a weak homotopy equivalence of spectra.
Aufgabe 44. Define the nth homology of a spectrum E for n € Z by
H,(E) := colimy_,oo Hpik(E(k))

where the k-th structure map is the composite

ontk(E(k
Hyr(B(R)) 20 (ST A E(R))
Hyy 41 (flip) 1y Hniry1(o(k))
et H skt (B (k) A SY) D e (B(k + 1)),

of the homological suspension isomorphism o,,.x(E(k)), the map induced by the flip map
flip and the homomorphism induced by the structure map o (k).

Decide whether for any abelian group G there is a spectrum M(G) such that Hy(M(G)) =
G holds and H,,(M(G)) vanishes for n # 0.
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